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The electronic structure and spectrum ofpyrrole have been studied using the semiempirical 
LCAO SCF MO method. With configuration interaction included, low excited singlet states are 
calculated to occur at 5.98 ev, 6,74 ev, 7,33 ev, and 8,20 ev, in good agreement with the 
experimental values of about 5.88 ev, 6.77 ev, and 7,21 ev. The dipole moment of the molecule 
is calculated to t.84 D, to be compared with the experimental value t.80 D. Tables of core- 
attraction integrals for combinations of carbon and nitrogen atoms are presented. 

Elektronenstruktur und -spektrum des Pyrrols wurden nach der halbempirischen LCAO 
SCF ~O-Methode untersucht. Unter EinschluB der Konfigttrationenwechselwirkung wurden 
niedrigliegende angeregte Singulettniveaus bei 5,98, 6,74, 7,33 und 8,20 eV (fiber dem Grund- 
zustand) errechne~, in guter ?2bereinstimmung mit den experimenteUen Werten yon etwa 
5,88, 6,77 und 7,2t eV. Des Dipolmoment des Molekfils ergibt sich zu t,84 D, beieinem experi- 
mentellen Wert yon t,80 D. Tabellen yon (sph~irisehen) Rumpf-Elektron-Integralen fiir alle 
vier Kombinationen yon C und/V werden angegeben. 

La structure et le spectre 61ectroniques du pyrrole ont 6t6 ~tudi~s ~ l'aide de la m6thode 
s~miempirique LCAO SCF MO. L'interaction de configurations inclue, le calcu] donne des 
~tats excites s 5,98, 6,74, 7,33 et 8,20 eV (au-dessus de l'6tat fondamental), en bon accord 
area les valeurs exp~rimentales de 5,88, 6,77 et 7,21 eV. Le moment dipolaire caleul6 de la 
mol6cule est t,84 D, l'exp6rience dormant 1,80 D. Des tables d'int6grales d'attraction entre un 
coeur sph~rique et un 61eetron d'un autre atome sont donn6es pour les quatre combinaisons 
d'atomes C et h r. 

I. Introduction 

In  this communicat ion we present a serf-consistent field molecular orbital 
calculation for pyrro]e. For  the same molecule similar extensive calculations have 
previously been reported by  BROW~ and H~,FF~NA~ [3]. The positions of  the 
first and th i rd  excited singlet states were given quite correctly by  these authors.  
However,  the  second excited singlet state was predicted to  be at  considerably 
lower energy than  is observed. This si tuation is quite similar to  wha t  has been 
observed in calculations on benzene [12] and heterocycles containing pyridine 
ni trogen [9], i. e. ni t rogen atoms which contr ibute only one electron to  the con- 
jugated  system, in contradist inction to  pyrrole ni trogen which contributes two 
electrons. For  hydrocarbons  and pyridine heterocycles the  difficulty of  predicting 
correctly the  position of  the second excited singlet state has been overcome by  
using smaller values of  the two electron integrals (/~# ] vv) t han  was suggested by  
P ~ i s ~  and  P~a~  [12] (See e. g. the discussion by  B~ow~ and  H ~ F F ~ A _ ~  [4].) 
I n  particular,  the formula suggested by  M_ATAG~ and NISHI~OTO [8] for the  
(~u# Ivy) integrals seems very  adequate.  

The position of  the  second excited singlet state of  pyrrole, as predicted by  the  
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present cMculation, is in good agreement with the experimental value. The 
improvement was obtained partly by adopting MATAtA and N~SH~OWO'S formula 
for the (/~# Ivv) integrals, partly by evaluating the core-attraction integrals 
theoretically. Tables of such integrals were prepared for further use. 

II. Formula t ion  of the method 

The computational scheme for the LCAO SCF MO method is described by 
R O O T ~  [15]. This scheme was followed in the present work with the additional 
simplification which results from the approximation of zero differential overlap. 
Only the z-electrons were considered explieitely. The expression for the z-electron 
Hamiltonian is then 

2~ ~ 2n 

i = l  2 i t j = l  

2 n being the number of =-electrons, which equals 6 in the present case. The follow- 
ing matrix elements then occur, ~# denoting the #. th 2 Pz atomic orbital : 

~ = j  ~. (l) U~or~ (1) ~. (i) d ~ (2) 

f l .~=j~% (l) /1core (1) ~ (1) d ~  (3) 

^ 
When the operator //core is broken down into a kinetic contribution and 

contributions from the atomic cores, as originally proposed by GO~PP~RT-MA~R 
and S ~ J ~  [g], we obtain for integrals of the ~.-type: 

The term - - I ,  represents the kinetic energy of an electron in orbital ~0~ plus its 
energy in the field from the # ' th  atomic core. (# [ V~ [/~) designates the energy of 
the same electron in the field of the v'th atomic core of the conjugated system. 
Finally (2 :/~#) is the usual penetration integral [13], the summation extending 
over neutral atoms of the molecule, i. e. hydrogen atoms in the present case. 

The integral (/~ I V, 1#) may be written 

(# I V~ ]#)  = - -  V (~ : ## )  - -  (vv [ # # )  (6) 

where --V (~ : ##) represents the energy of an electron in orbital ~ ,  which arises 
from the interaction with a spherical symmetric charge distribution around atom 
(see appendix). 

In the present calculation the summation over 2 in eq. (5) was neglected, since 
it gives almost identical contributions to each ~ and thus has almost no influence 
either on the form of the molecular orbitals or on excitation energies. With this 
simplification and considering eq. (6), eq. (5) may be written 

I (7) 

I f  m denotes the total number of atomic orbitals and 2 n is the number of 
~-electrons, then the solution of Roothaan's equations results in n doubly occupied 
orbitals and m-n "virtual" orbitals which may be used for constructing excited 
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state wavefmactions. The procedure to be followed as well as the expressions for the 
matrix elements between excited configurations have been given elsewhere [8, 9]. 
The singlet eonfigurational wavefunction in which one electron is excited from an 
occupied molecular ,orbital ~v~ to a virtual orbital ~0e will be written l~b/-+e, while 
the notation 3~5~__,e will be used for the corresponding triplet function. Oscillator 
strengths were calculated according to the expression given by ~ULLI~EN and 
RIEK~ [10]. 

III. Semiempirical evaluation of the integrals 

For reasons which have been discussed by P~ISER and P a ~  [12] the integrals 
set up in section II should be assigned values by semiempMcal methods. In mole- 
cules containing doubly charged core atoms, like pyrrole nitrogen, this assignment 
is quite difficult to perform in a proper way. In our opinion the most consistent 
assignment is the one suggested by Bgow~ and H~F~RZqAZq [2, 3] which has 
therefore been followed in the present work. In this "variable eleetronegativity 
method" formulae depending on the s-electron density are set up for the various 
integrals. The first self consistent field calculation is performed with integrals 
derived from a presupposed charge distribution. I f  the charge distribution resulting 
from this calculation is different from the one presupposed the whole calculation is 
repeated with new values for the integrals. This procedure is continued until a 
self consistent charge distribution is arrived at. 

Let the ~-electron density at atom/x be denoted Psi,. The effective charge Zs 
is then given by [2] 

Z,  = N~ - -  1.35 --  0.35 (3 + P~,,~) (8) 

where N,  is the charge of the/x'th nucleus. Integrals are derived from the Z,-values 
in the following way: 

The integrals Iu should be identified with the ionization potentials for the 
processes 

C (sp 8, Vd) --> C+ (sp 2, V~) + e- 
(9) 

N+ (spa, Vd) -~ N++ (sp2, Va) + e-. 

These ionization potentials are derived from the interpolation formulae [3] 

I c =  0.3605 Z~ -k 9.0923 Z , - -  21.818 ev 
(iO) 

I~v + = 0.45t0 Z~ + 1t.3625 Z~-- 27.267 ev. 

Integrals of the type (#/z I#/z ) should according to P~mIsEg and Pa~R be 
determined as the difference between an ionization potential and an electron 
affinity. This difference is sufficiently well reproduced by PAOLL~I'S formula [11] 

(/qz I/z/~ ) = 3.29 a Zg. (11) 

The bicentric integrals (/z# I vv) were in the present work determined from the 
formula of M~TAG~ and NISm~OTO [8] 

d 

e 2 
where - -  -- [(/~# ] ##) + (vv ] vv)] and r~. is ~he interatomic distance. I t  may be 

a.a~ 2 

appropriate to mention that  the formula (12) fulfills the proper limiting conditions 

14" 
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laid down by  PA~S~a  and P ~  in their semiempirical discussion, only the inter- 
polation method  is different. 

Integrals  of the types  V (~ :/z/z) and fl,~ were no t  varied. The integrals V (v :/z/z) 
were evaluated theoretically and their values taken  from the tables in the appendix.  
The integrals flz~ were only taken  into consideration for nearest  neighbours and 
were determined from PA~SE~ and PAaR's formula 

fi~ = - -  6442 exp ( - -  5.6864 r~) ev (13) 

not  only for flee, but  also for flc~v. This gives flc~v = - -  2.49 ev, close to the value 
used by  B~ow~ and H E ~ E ~ v ~  [3], i. e. - -  2.45 ev. All interatomic distances were 
taken  from the  determinations of  BAKet  al. [1]. 

I V .  R e s u l t s  a n d  d i s c u s s i o n  

In  Tab.  i we represent the serf consistent molecular orbitals and the one 
electron energies resulting from our calculation. The molecular orbitals are 
classified according to their t ransformat ion properties in the point  group C~v. 

T~ble I 

Symmetry Energy (ev) S0F ~ 0  s 

b3 

a2 
b3 
b~ 
6t~ 

--19.284 
--14.776 
--14.494 
- -  4.668 
- -  3.529 

~v 1 = 0.7004 ~01 -b 0.4398 (~0~ ~- ~0~) -~- 0.2475 (~% q- ~o4) 
~f3 = 0.6117 (~2-- ~6) -~ 0.3547 (~3-- ~a) 
~v 3 ~ 0.5614 ~1-- 0.1254 (~3 ~- ~5) - -  0.5716 (~% + (P4) 
~P4 = 0.4407 q~-- 0.5393 (T3 -4- ~05) q- 0.3348 (T3 ~- q~a) 
~v~ ~ 0.3547 (~0~-- ~ )  - -  0.61i7 (T3-- q~4) 

The excited state wave functions, their energies above the ground state, and the 
oscillator strengths are given in Tab. 2. 

No triplet  states are known experimentally,  while three singtet states are 
known [7], corresponding to  excitation energies about  5.88 ev, 6.77 ev, and 7.21 ev. 

Table 2 

Oscillator 
Symmetry Energy (ev) strength State functions 

A 1 
B1 
B1 
A1 
B1 
A1 
B1 
AI 

5.985 
6.735 
7.326 
8.201 
3.286 
3.700 
5.245 
5.380 

0.135 
0.255 
0.347 
0.979 

0.46t31 r 0.88721 (~3"-~'4 
0.97321 ~b3~ 4 + 0.23011 (P3-+5 
0.23011 ~ 3 - ~ - -  0.97321 ~s~5 
0.88721 r ~ 0.46131 ~8~+4 
0"8318a q)3-'4 + 0"55513 ~s-+5 
0.39993 ~53-~ 5 -~- 0.91663 ~Ss-->- 4 
0.5551 a (P3-~4-- 0.83183 ~3~5 
0.9166a r  - 0.3999a ~3-'4 

We then make  the assignments A1, B1, B 1. BROWN and HEFFERNAN ill their work 
proposed the assignment B1, A1, B 1. However,  the two lowest excited states, as 
determined by  these authors,  were only slightly separated. Our calculation of  
oscillator strengths is in accordance with the fact  [7] t ha t  the first t ransi t ion is 
known to be less intense t h a t  the second and the  th i rd  transitions. 
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From the results given in Tab. I z-electron density and bond orders were 
calculated, and the results are given in Fig. i. The calculation definitely shows, in 
agreement with experiment, that  the carbon atoms 2 and 5 are the most sensitive 
to electrophilic attack. 

From the calculated 7~-electron density the dipole moment of the molecule was 
calculated to 1.84 ]). The experimental value is i.80 D [16]. Hence, according to 
the present calculation, the dipole moment may be accounted for without con- 
sidering polarization of the s-bonds. We may thus conclude that  the a-contribution 
to the total dipole moment is small. A recent paper by HA~A~O and HAI~IEKA [6] 
suggests that  the ~-contribution should be as small as 1.21 D, the rest being 
~-contribution. This result was arrived at through a consideration of the a-elec- 
trons only. However, polarization of the a-bonds depends on the ~-electron density 
as well, and we think that  the value arrived at  through our much more detailed 
calculations is at least not more defective than HAMAN0 and HA,~IEKA'S value. 

According to Koopman's theorem 
the ionization potential should be 
equal to the orbital energy, with 
opposite sign, corresponding to the 
highest occupied orbi ta l  This value 
is 14.49 ev, while the experimental 
value for the ionization potential 
is 8.90 ev [/4]. Thus our value is too 
high. This is due to our t reatment  of 
the core-attraction integrals. If, as 
it is often done, penetration inte- 
grals between atoms of the conjugat- 

H 
H N 
N /. 612 

1.028 0.52# 7.028 

a b 
Fig. 1. a) Numbering of atoms, b) Calculated g-electron 

density and bond orders 

ed system are neglected, better values for the ionization potential may often be 
arrived at. A calculation which neglected such integrals was carried out, giving 
an ionization potential equal to 10.t4 ev, which is quite satisfactory. However, 
the first and the second excited states were now only slightly separated, and 
furthermore the atoms 3 and 4 turned out to be slightly more negative than 
the atoms 2 and 5. 

Ionization potentials are dependent on the absolute values of the ~,-intcgrals, 
while only the relative values of these integrals affect other prope~ies of the 
molecule. Thus a calculation which gives an ionization potential of the right 
magnitude should not be considered to be superior for that  reason if, on the other 
hand, it neglects certain terms in the expression for the ~-integrals, on which the 
ionization potential iis highly dependent. 

Appendix 

The following tables (A--D) give the core-attraction integrals V (a: bb) introduced in 
eq. (6), as a function of interatomic distance R in A. The integrals are in atomic units (1 a. n . =  
27.21 ev). 

The quanti ty - - V  (a: bb) is the electrostatic energy of an electron in the 2 l%-orbital 9b 
centered at  b in the spherical symmetric field V, arising from a charge distribution around 
the center a. This charge distribution is made up of the a:tomic nucleus at  a, two 1s-electrons 
which were drawn into the nucleus in the calculation, and 4 electrons in 2 s, 2 px, 2 py and 2 p: 
respectively. The actual form of V: is 
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R 

1.30 
1,45 
'1,60 
t ,75 
'1,90 
2,05 
2,20 
2,35 
2,50 
2.65 
2,80 
2,95 
3.10 
3.25 

1,30 
'1,45 
1,60 
'1,75 
'1.90 
2,05 
2,20 
2,35 
2,50 
2,65 
2,80 
2,95 
3,'10 
3.25 

R 

1.30 
'1,45 
1.60 
'1.75 
t ,90 
2.05 
2,20 
2,35 
2,50 
2,65 
2,80 
2.95 
3.10 
3.25 

Integral 

4.402'1 10 -3 

2.5409 10 -3 
'1.4352 10 -2 
7.9529 t0  -5 
4.33'18 10 -5 
2.3232 10 -5 
1.2287 t0  -5 
6.4'166 10 -4 
3.3123 t0  -4 
'1.69t9 I0  -~ 
8.5581 t0  -5 
4.2904 t0  -~ 
2.1332 10 -5 
'1.0525 t0  -~ 

Integral 

3,9925 t0  -1 
3,5479 10 - I  
3,2061 10 -1 
2,9329 10 -1 
2,7071 10 -1 
2,5'158 t0  -1 
2,3507 10 -1 
2,2062 t0  -1 
2,0785 10 -1 
1,9646 '10 -1 
t,8625 '10 -1 
t,7703 10 -1 
t.6868 10 -1 
1.6t07 10 -1 

Integral 

4,3941 10 -5 
2,4038 10 -3 
"1.2873 10 -2 
6.7646 10 -5 
3,4953 10 -a 
1,7790 10 -5 
8.9324 t 0 -  t 
4,4301 10 -6 
2A728 10 -4 
1.0549 10 -~ 
5,0742 10 -5 
2.4201 10 -5 
'1A453 t0  -8 
5.3810 10 -~ 

Tables of  Core At t rac t ion  Integrals  V (a: bb) 

Table A. a carbon, b carbon 

.R 

'1.35 
'1.50 
'1.65 
1.80 
'1.95 
2.10 
2.25 
2.40 
2.55 
2.70 
2.85 
3.00 
3.15 
3.30 

Integral 

3,6747 4_0 -3 
2.1052 10 -3 
t,'1812 10 -3 
6,5067 10 -8 
3.5252 10 -5 
1.88t6 t 0 -  3 
9.9081 10 -4 
5:t537 10 -4 
2.6507 10- 4 
t .3494 10 -~ 
6,805t 10 -5 
3,4020 t0  -5 
t .6870 10- 5 
8,3036 10 -8 

R 

'1.40 
t ,55 
1,70 
'1,85 
2,00 
2,15 
2,30 
2,45 
2,60 
2,75 
2,90 
3,05 
3,20 
3,35 

Table B. a ni trogen,  b ni t rogen 

'1.35 
1.50 
1.65 
1.80 
1,95 
2.10 
2.25 
2.40 
2.55 
2.70 
2.85 
3.00 
3.15 
3.30 

Integral R 

3,8300 10 -1 t .40 
3,4246 '10 -1 1,55 
3,1087 '10 -1 '1,70 
2.853'1 '10 -1 '1.85 
2.6400 '10 -1 2,00 
2.4582 t0  -1 2,15 
2.3004 10 -1 2,30 
2A619 '10 -1 2.45 
2.039t '10 -1 2.60 
1.9294 10 -1 2.75 
1.8307 10 -1 2.90 
t.7416 10 -1 3.05 
t.6606 10 -1 3.20 
1.5868 90 -4 3.35 

Table C. a carbon, b ni t rogen 

1.35 
1.50 
t .65 
1.80 
1.95 
2. t0 
2.25 
2.40 
2.55 
2.70 
2.85 
3.00 
3.15 
3.30 

Integral 

3.6028 10 -3 
1.9564 t0  -3 
1.0409 t 0  -3 
5.4379 10 -5 
2.7952 10 -a 
1.4t60 t0  -3 
7.0797 '10 -4 
3.4978 10 -6 
1.7096 10 -a 
8.2735 t 0 -  s 
3.9681 t0  -5 
1.8875 t0  -~ 
8.9103 10 -5 
4.1769 t0  -5 

R 

1.40 
t .55 
1.70 
t .85 
2.00 
2.95 
2.30 
2.45 
2.60 
2.75 
2.90 
3.05 
3.20 
3.35 

Integral 

3.0595 t0  -3 
1.7402 10 -2 
9.7020 10 -5 
5.3137 t0  -5 
2.8641 t0  -5 
1.5216 l0  -5 
7.9787 10 -~ 
4.1342 10 -~ 
2 . t t89  t0  -~ 
1.0752 t0  -a 
5.4060 10 -5 
2.695t 10 -5 
1.333t 10 -5 
6.5458 10 -8 

Integral 

3.6824 10 -1 
3.31tt  10 -4 
3.0178 10 -4 
2.7780 10 -1 
2.5763 10 -1 
2.4032 10 -1 
2.2523 t0  -4 
2.1194 10 -1 
2.00t2 10 -4 
t.8954 t0  -4 
1.8000 10 -1 
1.7138 t0  -1 
1.6353 10 -1 
1.5636 10 -1 

Integral 

2.9465 10 -3 
1.5887 t0  -2 
8.3992 10 -8 
4.3635 10 -5 
2.23t7 10 -3 
1.1254 10 -3 
5.6039 10 -6 
2.7584 10 -4 
1.3436 10 -4 
6.4825 10 -5 
3.1003 10 -5 
1.4709 10 -5 
6.9269 10 -6 
3.2400 10 -6 
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Table D. a nitrogen, b carbon 

205 

R Integral 2 Integral 

.30 
1.45 
1.60 
1.75 
1.90 
2.05 
2.20 
2.35 
2.50 
2.65 
2.80 
2.95 
3.10 
3.25 

3.8853 t0  -~ 
3.4737 t0  -~ 
3.1505 10 -~ 
2.8890 10 -~ 
2.6714 t0  -~ 
2.4863 ~0 -~ 
2.3262 10-1 
2.t857 t0  -~ 
2.0612 10 -~ 
t .9500 10 -~ 
t .8500 10 -~ 
1.7596 t 0  -~ 
1.6775 10 -~ 
1.6026 10 -x 

1.35 
1.50 
1.65 
1.80 
1.95 
2.10 
2.25 
2.40 
2.55 
2.70 
2.85 
3.00 
3A5 
3.30 

3.7361 
3.3577 
3.0575 
2.8122 
2.6066 
2.4305 
2.2774 
2.1425 
2.0228 
t.9155 
t.8189 
t .7314 
1.6518 
t.5791 

Integral R 

10 -~ t .40  
10 -~ 1.55 
t0  -1 1.70 
I0 -~ 1.85 
10 -~ 2.00 
t0  -~ 2A5 
10 -~ 2.30 
10 -~ 2.45 
l0  -~ 2.60 
10 -~ 2.75 
10 -~ 2.90 
t0  -~ 3.05 
10 -~ 3.20 
t0  -~ 3.35 

3.5994 ~10 -~ 
3.2503 ~0 -~ 
2.9706 iO -~ 
2.7399 i0  -~ 
2.5450 ~0 -~ 
2.3772 t0  -~ 
2.2306 ~10 -~ 
2A01t t0  -~ 
t .9857 :10 -~ 
1.8822 10 -~ 
1.7888 t 0  -x 
1.7040 10 -~ 
t.6268 i0  -~ 
1.5562 10 -~ 

] 

where & is equal to I if the  a tom a t  a is nitrogen and  equal to 0 when it  is carbon. ~ is the 
orbital  exponent  oceui.ing in the  analytical  form of the  2 p- and  2 s-orbitals, ~c = 1.59, 
{N = 1.92. ra is the  distance from the  center a. 

Since the  charge of the electron is negative, V(a: bb) is a positive quant i ty .  
In  the  ease where a tom a is carbon the integral V(a: bb) is identical with  the penet ra t ion  

integral (a: bb) as defined by  PAm~ and CRAWFO~D [13]. When a is ni t rogen the  integrals are 
different. 
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